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Liquid Crystals and Rubber – intellectually 
accessible to undergraduates?

Mark Warner, Cambridge University

Liquid Crystal Physics

Polymers, rubber elasticity, statistical mechanics

Topics in SCM, and vehicles for teaching techniques.

4th year Liquid Crystals and Self-assembly, 2nd year thermodynamics, 
graduate rubber elasticity



Nematic Liquid Crystals. 
Fluid of rod-like 
molecules.
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Liquid crystals – rich phenomenaLiquid crystals – rich phenomena, 
materials

• Fluid-like mobility – flow (N, N*, SmA, SmC)

• Optically anisotropic, quadrupolar order.

• n responsive to E & B fields – devices.

• Topological defects.

• Statistical Physics – first order.

• Continuum elasticity very rich.



Liquid Crystal Order

Q = hP2(cos θ)i = h3 cos2 θ − 1i/2Q h 2( )i h i/

Quadrupolar orderQuadrupolar order

up ≡ downp
+ 6≡ −

Order parameter really a tensor – scope for tensor analysis.



Nematic-isotropic phase transition 1st order – good contrast with magnetic PT (2nd)

Fnem = 1/2AQ
2 − 1/3BQ3 + 1/4CQ4 + . . .− fQ (Landau theory)

Distinguishes +Q from –Q
Creates dip which gives 1st order PT

Geometry determines thermal physics Demonstration: first order PT of liquid Geometry determines thermal physics
What happens in 2-D?

q
crystal in small  bottle – hot air blower 
(domestic electric paint stripper)



Statistical MechanicsStatistical Mechanics
Mean field theory

Distribution functions (alternative to magnetism, Curie-Weiss)
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Self-consistency equation:
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(equivalent to minimising FMS)



Continuum Mechanics – Frank elasticity

l t i t b dsplay twist bend

FFr =
1
2K1(div ~n)

2 + 1
2K2(~n · curl~n)2 +

1
2K3(~n× curl~n)2

~n(~r + δ~r) = ~n(~r) + δ~n(~r)

Director n is a unit vector – non-linear constraint, vectorial complication

Spatial variationn(r + δr) n(r) + δn(r) Spatial variation

1 = (~n+ δ~n)2 = 1 + 2(~n · δ~n) + (δ~n)2 Unitness

~n · δ~n = − 1
2 (δ~n)

2 → 0 Variation perpendicular to n



Splay-bend Freederiks transition Splay-bend in half spaceSplay-bend Freederiks transition
Threshold voltage, display device

Splay-bend in half space
healing length z

Can pose problems on setups like this.
Very non-linear
Need Euler-Lagrange

~n = (sin θ cosφ, sin θ sinφ, cos θ) θ(~r),φ(~r)
g g

Simple problem sets and exam questions

Other topics
Topological defects
Electromagnetism & optics
Demonstrations
Related research interests 



Rubber elasticity

Distortion (reduction in entropy) of distribution of polymer chains.

Polymers are random walks (fill space densely).  Single chain, 
Gaussian distribution Liquid – molecules rapid motion explore spaceGaussian distribution.  Liquid – molecules rapid motion, explore space,
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Network – mechanically distort chains
(derive?)
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1 Incompressible, 
Poisson ratio = ½.
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Entropy depends on shape distortion
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Like perfect gas – all kinetic energy.  Derive free energy:
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Simple stretchF → 2μ
¡
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¢
Simple stretch

μ = nskBT ∼ 105 −−106J/m3 Shear modulus 

Elasticity in common geometries – e.g. shear.

μ /
Perfect gas; “counting and T”, no chemistry.  

Demonstration:  rubber strip (yellow grade, physiotherapy) – stretch x10, 
clearly liquid-like in mobility.



A thermodynamics problem offers insight:

“Given the tension t and stretch λ of an elastomer are related by

where A is a constant,  

E

t = AT
¡
λ− 1/λ2

¢
(a) show that the internal energy E is independent of λ.

(b) find                 ∂Cλ/∂λ

(c) thus find 

λ/

Cλ(λ, t), E(λ, t), S(λ, t)

(d) find rise in temperature on stretching to λ = 1.5.”

Need right ensemble dF = −SdT + tL0dλ
and right Maxwell

dF SdT + tL0dλ
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Themes
1. Tensors, order parameters, geometry, vector calculus and Euler-Lagrange

2. Statistical mechanics, thermodynamics, symmetry, phase transitions2. Statistical mechanics, thermodynamics, symmetry, phase transitions

3. Continuum mechanics, electrodynamics, optics. Demonstration.

4. Rubber – soft, amorphous, non-glassy solid.  Demonstration.

5 Random walks polymer statistics entropy from geometry kinetic/entropic5. Random walks, polymer statistics, entropy from geometry, kinetic/entropic 

free energy.

6. Statistical mechanics, thermodynamics.

7. Non-linear elasticity, incompressibility, shape change at constant volume.





2 Self Assembly

1. Examples of surfactant molecules and shapes of assemblies; reasons for curvature.

2. Revision of relevant thermodynamics; surface free energy and its change with surfactant
concentration. Osmotic pressure. Surfact versus bulk concentrations of surfactant.

3. Assembly; distribution of n-mers, critical concentration for micellisation, CMC, pinning of
the chemical potential. Bulk phase separation versus finite assemblies.
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