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Abstract

The PSU(2, 2|4) transformation laws of the IIB superstring theory in the
AdSs x S° background are explicitly obtained for the light-cone gauge in
the Green—Schwarz formalism.

PACS numbers: 11.25.Tq, 11.25.Hf

1. Introduction

The construction and quantization of the superstring theory in anti de Sitter (AdS) spacetime
have been an important subject since the original AdS/CFT correspondence [1-3] was
proposed. Metsaev and Tseytlin [4] constructed the Green—Schwarz-type action of the type-1IB
superstring in AdSs x S° as a sigma model with a coset target space PSU(2, 2|4)/[SO(4,1) x
SO(5)]. Then the light-cone gauge-fixing of x transformations and reparametrizations on the
worldsheet were discussed in [5, 6].

In this paper we discuss a global symmetry of the type-IIB superstring in AdSs x S3 by
using a group theoretical method. The symmetry is represented by the supergroup PSU(2, 2|4).
We use the worldsheet action of [5], where the ¥ symmetry is fixed by the light-cone gauge.
We obtain explicit forms of the transformation laws for the symmetry PSU(2, 2|4) in the light-
cone gauge. The transformation laws we obtain will be useful in constructing the Noether
charges for this symmetry [6]. They are also useful in finding consistent truncations of the
theory, which are needed in some recent investigations of the gauge/string correspondence
[7-10].
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2. IIB superstring in AdSs x S°

The type-IIB superstring in AdSs x S’ can be described [4] as a sigma model with a target space
PSU(2,2(4)/[SO(4,1) x SO(5)]. The supergroup PSU(2, 2|4) contains a bosonic subgroup
S0(4,2) x SO(6), which is the isometry of AdSs x S°. Its generators are

Tl =P, DK, T, O, 84, ()
where P, J%, D, K are SO(4,2) generators, J' ; are SU(4) ~ SO(6) generators and 0+, §*
are fermionic generators. Here, a,b,... =0,1,2,3 and i, j,... = 1, 2, 3, 4 denote SO(3,1)
and SU(4) indices. The (anti-)commutation relations of these generators are given in [5],

whose conventions we use throughout this paper. The generators of the subalgebra SO(4,1) x
SO(5) are

Jab7 j4a — Ka + %Pa’ JA’B/ — _%(yA'B/)jiJij’ (2)
where A’, B’ =1, 2, 3, 4, 5 are SO(5) indices and yA/ are SO(5) gamma matrices. We use the
light-cone coordinates x* = Lz()c3 +x%,x = «/Li(x1 +ix?), % = \/Lj()c1 — ix?) and define

P=P" P=P K=K*"K=KF"
We choose a representative of the coset space PSU(2, 2|4)/[SO(4,1) x SO(5)] as
G = exp(x*P")exp (07 Qf +6, Q" +07 Q7 +6;707")
X €Xp (n_i SH+ n;S” +nt S+ n;’S_i) exp(¢ D) exp (%iyA/(yA/)"ij,-), 3)
where 6F = ), nF = (), 0F = (0F)F, 5 = ($¥)!. The variables x%, ¢,

. . L
yA', 0% n* are coordinates of the coset space. We then fix the x symmetry by the light-cone

gauge condition [5],

9+i — n+i =0 (4)
andput 0~ = 0', =" = n' for simplicity. The left-invariant Cartan one-forms L are defined
by
G'dG =L'T!

= Lp* P+ 3L T + LpD+ Lx“K* + L/;J'j + Ly QF + Ly, Q"
+ L5 QO + L5, Q7+ Ly'S; + L ST+ LY ST + Ly, 57 )

Using the explicit forms of the Cartan one-forms the worldsheet action in the light-cone gauge
was obtained in [5].

3. PSU(2, 2|4) transformations

According to the general theory of the nonlinear realization [11, 12] the PSU(2, 2|4)
transformation of the representative (3) is

G — G =gGh (g, (6)

where g is an arbitrary element of PSU(2, 2|4) and & (g) is a compensating SO(4,1) x SO(5)
transformation which is chosen such that G’ has a form in equation (3). After the light-cone
gauge fixing of the x symmetry (4) we also need a compensating « transformation. An
infinitesimal PSU(2, 2|4) transformation is thus written as

G '$G=G"'eG —o(e) +G15,G, (7)
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where € is an arbitrary element of the PSU(2, 2|4) algebra
€=EP + NPTV AD+ K+ T+ €7 O + € QY

+e QT +f QT+ BTIST + BST + BYST + SIS 8)
and o (¢) is a compensating SO(4,1) x SO(5) transformation

U(E) l)\'ab‘]ab +§ J4a 1 A B’ JA B’ (9)
The last term in equation (7) is a compensating « transformation. The parameters A%?, £¢, 5%’

and those of the « transformation depend on €.
The general « transformation has a form [4],

G '6.G =Ry O +Rp, Q" +k5 O +k5, 07"
+RGIST +RG ST HREST + &GS+ (JU, TP terms). (10)

The coefficients in the present convention are given by

Rol = 20[L, T + L5 +iL Al — LA (v .

ko' =2[L, k™ — Lok i T — LY (Y e an
~_H - —21[2LM+ w—i +2LHX A+ +1L1L4 1z l+L;LA (]/ )I IL+J]’

KS = —21[2LH_K5+Z —ZL < M l+1L 4K§ 1+Ll‘~ ()/ )l ]’

where ;¢ = 0, 1 is a world index on the worldsheet and «y, * Kgi’ on the right-hand sides

are independent transformation parameters. The L,°, LM 4 L, are the pullbacks of the
following one-forms to the worldsheet

L*=1L% - 1L%, [*=—Lp, LY = —Liy"); LY. (12)
For a general variation of the variables X = (x¢, ¢, y*', 0%, n') the variation of G in
equation (3) is given by
G 16G = sxXML, 1!
=e?Sx"P™ +e? [8x7 — 1i(0766; + 6;60")] P +e?6x P +e?8x P
+e ? [T(nH)?xt + 1i(n'Sn; + midn)] K+ + 8¢ D
+[GUUY; +i(i 7y — Ln?80)x*]7; + €39S0’ +iif'8x) Q7
+e29(80; — if;6%) Q" — ie2?i xt Q7 +ier?F;6xT Q!
+e (8 + it oxt) St + e (8, — Linthioxt) ST, (13)
where we have used the explicit forms of the Cartan one-form in the light-cone gauge given
in [5]. U! ; is the SU(4) matrix determined by the coordinates yA

[yl a1yl
U =cos—=— +i sin —, 14
> yAn?si > (14

where |y|? = yA'y4, n" = yA'/|yl and ' = U';07,8; = 0;(U")/;, etc. The compensating
transformations in equation (7) are chosen such that the total transformation (7) has this form.

We are now ready to obtain explicit forms of the PSU(2, 2|4) transformations. We first
compute the first term in equation (7). Useful formulae for doing this are listed in appendix.
Then, we choose compensating transformations in the second and third terms such that the total

transformations take the form in equation (13). Comparing the results of these computations
and equation (13) we obtain the PSU(2, 2|4) transformations of the variables X
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The transformations for P4, D, J*=, J**, J*¥ JA'B and Q" do not need compensating
k transformations and are easy to obtain. They were already given in [6]. We give them here
for completeness.
e P“ transformations:

x4 = &9, 8 (others) = 0. (15)
e D transformations:
Sx¢ = —Ax?, 8¢ = A, (U'suy'; =0, (6)
80" = —1A0', sn' = 1An'".
e J*~ transformations:
Sxt = —A"txt, SxT =ATtxT, sx =8¢ = (U 'SU); =0, an
80" = 317707, 8n' =317’
e J** and J** transformations:
SxT = A x + A%, Sx = —A""x%, 8(others) = 0. (18)
o J** transformations:
Sx = —A%x, 80" = —La¥ol, s’ = Ay, 8 (others) = 0. (19)
e J'; transformations:
8xa71: 8¢i: " i fitgr: _j’:ji'jl;/ i s 0)
(U 8U)j:vj+zv Uy Uy;.
e O* and Q7 transformations:
8x~ = L 0" + Lie g, 80" =€, 8 (others) = 0. (1)
The transformations for K* do not need a compensating « transformation either.
e K* transformations:
5x“:;’(x+x“—%x-xn“+—%e’2¢n”+), S = —Cx*, o
8yt = —¢ xty', 8 (others) = 0.

The compensating SO(5) transformation with the parameter 4%’ in equation (20) is not yet

fixed. We will determine it and obtain the PSU(2, 2|4) transformation of the independent
variables y#’ in section 4.

Other transformations need compensating « transformations and are more involved.
e J ™" and J ¥ transformations:

Sxt = At x + AR,

Sx~ = %ie—%dﬂ(nifgi +mikg’) + %ie—%qﬁ(ei@ +0ik,') — §ie™ (O’ + A0 0 )n?,

dx = =AM (x7 — 1102 + jie ¥p?),

8¢ = —L (A0 — KO, (23)
(U'8U) ; = A¥0'n; + 170, — (trace part) + if)A/B/(U’IyA/B/U)"j,

86[ — ef%(ﬁk\éi _ %)\+x 672(#7]277[’

817i = e%‘pk; + %X”nzéi +)L+x0jnjni,

where we have defined

Ry =W iy RE = (U jRYY. (24)
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To obtain the form (13) we need to choose the parameters of the « transformation as
. s s ) Lo
RY =1 ex?e’, kI =t e 20 (25)
As we will see in section 4 KQ ,KSi in the transformation (23) are determined from these
conditions. Similarly, we obtain other transformations and conditions on the parameters of
the « transformations as follows.
e K and K transformations:

= (Cx+¢x)xt,
Sx~ = Yie 30 (kg +miky') + JieT1 07k g, + 0k 7Y + Tx (x + 1i62) + ¢ (x~ — Li6?)
+ ;llie’2¢x+(§_‘9"77i — LOmHn?,
Bx = x? = ¢x" (a7 — 3i0%) — j¢ e (L4 3ix*n?),

- = L. +(%pi i (26)
dp = —(Cx +¢X) — 5x7(CO'm; — £6in'),
(U™'SU) ; = x*(£0'n; +¢0;n') — (trace part) + 2945 (U -1y AU,
80" = e 20R5 + (Cx + D)0 + Lic e (1+ Jix™y )n’}
sy’ = C%¢I?S_i +ig (1= 3ix*n?) 0" — Sxn' +¢x*0;m/n
/?3 = e%¢g:x+9i, R = e 2%cxty. 27

e K~ transformations:
R e ]
= ¢*[Lie ,¢(9, o HOiRGT) + 1ie I (kg +miks’) + (x0)? — 1(6%)?
+2e 207,00/ + Jie P (xOn’ +X0'n;) + % e (nH)?],
Sx =0 [(x7 — 3i0%) x + 172 (0'm; + 3ixn?)],
8¢ = ¢* (—x7 — Jxbu’ + 70'n,). (28)
(UT'sU)' ; = —ig* (0'0; +ixn'0; —ix0'n; — L e **nin;) — (trace part)
+ LB Uy AB )

86" = §+[e_%¢/2§[ +(x7 = 1i6%)0" — %ie’z"’(@jrr + 2ixn?)n'],
syt = ;*[e%"bi?_i +i9-nj(Bi +ixn’) — ;xn29’ 2¢n2n’]
Ry =t (—xer?0’ + Liemi%y), Ri = ;+e—%¢i(9i +ixn). (29)
e O and Q; transformations:
Sxt =0, Sx = i€ o', qu———(e n'—e'n),
Sx~ = Ele "”(9 Roi +0ik, ) —1e 2¢(n Ry +miky )+ sie 2¢n2(ef'ni +en), 30)
U'suy; = —(ejn +e*n;) — (trace part) + 1045 Uy AP U,
501 = e—%%éi, 8y’ = e7¢/23 —etinin' — infe™,
Ry = —ei?et, R =0. 31)
e S* and S} transformations:
t=0, Sx = x*p6", 8¢ = 3ix* (B n' + B 'mi).
sx~ = Lig' (e %%y, — ixB) + 1ib; (e 3%k, +ixp)
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-+He‘wniewﬁ§i—(1+%Uﬁnﬂﬁ_q’ (32)
(U~'sUY ; = ix* (B0 — B~'n;) — (trace part) + 154F (WU -1y A FUY
801 = e 3? KQ —ixp~,
st = exRy + (1 — Lix™ ) B~ +ix*Bn'n',
e5 = —itelp &y =0, 3y
e S~ and S, transformations:
=0, 8x = xBro" + 1e 20 B%n;,
ox™ = Lie 2 (n'ky; + mikg") + Jie 20 (0'kg; + biky)
+1ie™[(0; — Lixn;) ! B*ni — (67 + ixn’) n;BTin']
+1(x7 = 1io?) g0’ — 1 (x~ + 1i6?) B0, 34
8¢ = —1B7(0" —ixn) + 18T 6; +ixm),
(UT'sUY ;= BF (0" +ixn’) + B (0; — ixn;) — (trace part) + ;945 U~y 4B U);,
80" = e 20k, + 10707 +i(x” — Li6?) Bt + Le X B ',
5 =eRgi+ BTl (0 +ixn') — (0, — 5ixn;) n' ™,

i Lo 1 i ~ —1 i
sl _1xe2¢ﬂ+l’ K;l = —¢ 2¢'3+z. (35)

4. Compensating SO(5) and « transformations

Here we fix the compensating SO(5) and « transformations left undetermined above. Let us
first consider the SO(5) transformations. The PSU(2, 2|4) transformations of U obtained in
equations (20), (23), (26), (28), (30), (32), (34) have a form

(UsU) ;= + 3B Uy PO, (36)
where v ; is a given function of the variables X™ and the transformation parameters, and
j g p

948" represents a compensating SO(5) transformation. On the other hand, a variation of the

independent variables y* in equation (14) gives

1 , 1 VR
sm|y| A(AB A B)Sy . 2|y|yAB AS B

1 ,
U718U_ A A BS B
PR T o2

(37)

We choose the compensating SO(5) transformations such that equation (36) has the form (37).
Decomposing v' ; into equation (36) as

v4=—1v (]/ )1__1 AB’( AB)I (38)
we find that 942" and the PSU(2, 2|4) transformations of y*" are given by

48 = AP 4 2 tan |;| (A’ B]
(39

Sy = vAB B 4 [ A B |yl (SYB APy [vF,
tan|y|
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Next, we shall obtain /%éi, /%S_i from the conditions on /23, k;i in equations (25), (27),
(29), (31), (33), (35), which we write as
Rg =t R =7y (40)
From equation (11) these conditions are satisfied if we choose the independent « transformation
parameters as
. 1.7, 1T . .
= il K =i kg™ =Ky =0, (41)
4 L,* 8 L,*
where 4 = +, — are indices of the worldsheet light-cone coordinates. Substituting these

equations into & éi, /GS_i in equation (11) we obtain

- 1/ 9.x 0_x ;L — 0.¢ 0_¢ ;
Ro'=—3 + Tpt+ —ie —+ Tg
2\ 0. xt  o_x* 4 oy xt  o_xt

1 LA LA i
—¢ + AND T

+ — e e T s
4 (3+x+ 3_x+> ) s

- 1 [/ 0.x J_x ;1. —6 0+¢ a_¢ ;
k' =—= +—— | g+ zie — 4+ 2
2 \dxt  o_x* 2 dext o o_xt
1 LA LA L
—¢ + ANi ]
-3¢ (n et 8x+) S (42)

where we have used the explicit forms of equation (12) given in [5]
L,"=e%d,x", L, =e’d,x, L =—08,0,
L, = =3y [@uU™Y i +i(i' 5 — n°8%)0,xt].
Using these k ~’s in equations (23), (26), (28), (30), (32), (34) we obtain explicit transformation
laws.
From equation (30) we see that the O~ transformation of x* vanishes. This means in

particular that the commutator of two Q~ transformations is zero on x*, which at first sight
looks inconsistent with the PSU(2, 2|4) algebra

{07, 0;}=iP6. (44)
This apparent inconsistency can be resolved as follows. Since we have not fixed a gauge for
reparametrizations on the worldsheet, the commutator algebra closes up to a reparametrization.

From equations (30), (31), (42) the commutator of two O~ transformations on x, which should
vanish according to the PSU(2, 2|4) algebra (44), becomes

[80-(€]). 80-(€3)]x = (ET0, + &9 )x, (45)

(43)

where

1 , 4
+ .
EF = 2 1(6;56_1"1 — efie;’). (46)
This is a reparametrization with the parameters £%. As the reparametrization of x* with these
parameters is

(ET0, +E70)x" =li(e5el — €i€3), 47)
the commutator on x* can be written as
[80-(€7). 80 (&) " = —i(e€f" — €fie3’) + (E 70+ )x"™. (48)

The first term on the right-hand side is a P~ transformation of x* expected from the PSU(2, 2|4)
algebra (44). Thus, the algebra (44) is satisfied up to a reparametrization.
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Appendix

We summarize formulae useful in computing G~'e€G. From the formula

1 1
e"Be ™ =B+[A, B]+ 5[A, [A, B]] + §[A, [A,[A, B]]]+--- (A.1)
we obtain the following identities.

e—x~PJab eX~P — Jab _xan +bea’

e*’De"" =D —x.P,

efx-PKa eX'P — Ka _qu +beba +xax - P — %x 'xpa’

e P gt et — gt _ixt 07 +ix 0",

st = 57— i @Y — 0,

e "0 e = 4 19 0",

e ™00 JE I = J¥F _ L(piF — 0,0%) — Lig2P*,

IS g Lep,

e—e'Q+Dea'Q+ =D — %0 * Q+7

e QK" =K +i0'SH + %iQZJ”,

e PO K" = K™ —i(6'ST —6,57) + Lio? ST — 076,07
—Li6%(0°0f — 6:0") + L0 P,

7O e = g1 = 610} 6,07 — 016, P* — (trace par,

e—O.Q" Q+i eH-Q" — Q+i +i@iP+,

e 010 — 07 +ip P,

679‘Q+S+i eg,Q+ — S+i _ 91']+)_C’

e ST = ST 4 10(JTT = T = D)+ 07T+ 107 0" +0'07 QF + 1i0'0 P,

e*’I'S+Pe'7'S+ —_p_ 1r), Q+[ + %in2J+x’

e TP = PT—i(n QF = m Q') + 3 S +in'n 0
+5in* (' Sf = miS™) + (P’ K,

e "' D" =D+ 1y 5T,

efn~S*J+* eﬂ'y =J" + %n . S+,

oS R ISt pxE %(niS;— _ mS+i) _ %inzKﬂ

e 1Sy e =y — ST - Lig’k,

e,n.s+‘,ij en.s‘f — sz _ nlsj— + an"'i +”71an+ — (trace part),

e S QST = QF 4 gt

e S Qe = 07 — Lyl (I I D) — /T — I ST — I?SY 4 LK,

e 1SS e = g _ i Kt

e o
e ST e = 57 —ipK.

8
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